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Transcendental Eigenvalue Problem and Its Applications

Kumar Vikram Singh* and Yitshak M. Ram"
Louisiana State University, Baton Rouge, Louisiana 70803

The algebraic eigenvalue problem is frequently encountered when analyzing the behavior of a multi-degree-
of-freedom dynamic system. The characteristic equation associated with the algebraic eigenvalue problem is a
polynomial that defines the eigenvalues by its roots. Dynamics and stability of distributed parameter systems are
characterized by transcendental eigenvalue problems, with transcendental characteristic equations. By the use of
finite element or finite difference methods, the transcendental eigenvalue problem is transformed to an algebraic
problem. Because the behavior of a finite dimensional polynomialiis fundamentally different from a transcendental
function, such an approach may involve an inaccurate solution, which is attributed to a discretization error. The
main idea is to replace the continuous system with variable physical parameters by a continuous system with
piecewise uniform properties. The matching conditions between the various parts of the continuous model are
expressed as a transcendental eigenvalue problem, which is then solved by the Newton’s eigenvalue iteration
method. Some classical problems in structural dynamics and stability are solved to demonstrate the method and

its application.

I. Introduction

Y the transcendental eigenvalue problem, we denote the prob-
lem of determining the nontrivial solutions w and z # 0 of

Alwz=0 1
where the elements of the n x n matrix A are transcendental
functions in @ and z is a constant eigenvector. Such problems
arise naturally in applications of mathematical physics. To demon-
strate the motivation for this study, consider a piecewise uni-

form axial vibrating rod, such as that shown in Fig. 1, with axial
rigidity

) = o, 0<x<0.5
PR9=0p 0s<x<i 2)
and mass per unit length
v, 0<x<05
q(x) =
J, 05<x<1 3)

wherew, f, ¥, and § are constants. The natural frequenciesand mode
shapes of the rod are determined by the Sturm-Liouville system of
equations

au” +w’yu =0, 0<x<05

Bv" + w*8v = 0, 05<x<1

ku(0) = au' (0), 1(0.5) = v(0.5)

au'(0.5) = Bv'(0.5), v(l)=0 4)
where primes denote derivatives with respect to x. The four bound-
ary and matching conditions in Eq. (4) stand for a spring force that

is proportional to the displacement at x =0, continuous displace-
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ment and continuous axial force at x = 0.5, and the stress-free end
atx = 1. The general solutions for u(x) and v(x) are given by

u =z, sinwx + z, coswx ®))
v = Z3 Sinwx + Z4 COSwX 6)
where z;, i =1, 2, 3, 4, are constants. Noting that =0 is not a

natural frequency of the rod, the matching and boundary conditions
in Eq. (4) can be written in matrix form:

aw —k 0 0
sin(w/2) cos(w/2) —sin(w/2) —cos(w/2)
acos(w/2) —asin(w/2) —Pcos(w/2) Psin(w/2)
L 0 0 cosw —sinw J
21 0
22 0
X N =1 (7
24 0

by virtue of Egs. (5) and (6). Problem (7), thus, has the transcen-
dental eigenvalue problem form (1). We wish to find the eigen-
values w; that make the matrix A(w;) singular. Once an eigen-
value w; is determined, the problem of evaluating the corresponding
eigenfunction

0<x<0.5
05<x<1

u(x, w;),

¢i(x) = {v(x’ o).

®)

is reduced to the linear problem of solving Eq. (7) for z;,
i=1,2, 3,4, and substituting these values in Egs. (5) and (6).

In Sec. II we present a Newton’s eigenvalue iteration method,
originally developedby Yang,! for solving the transcendentaleigen-
value problem. Examples involving vibration of rods and com-
posite buckling of columns are then solved in Sec. III to demon-
strate the method and its application. In Sec. IV, we develop a
higher-orderapproximationtechnique,yielding an accelerated con-
vergence. In Sec.V, we apply the method to determine the solutions
of the quadratic eigenvalue problem without reduction to the first-
order form, which involvesdoubling the size of the system. Through
an example associated with vibrations of an exponential rod, we
demonstrate in Sec. VI the use of the algorithm in estimating the
spectrum of a nonuniform distributed system, and compare the re-
sults to that obtained by standard finite difference and finite element
methods.
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Fig.1 Acxial vibrating rod with piecewise uniform cross-sectional area.

II. Newton’s Eigenvalue Iteration Method
Following Yang,! we denote

dA (w)

Blw) =-=17

©)

and obtain, using a Taylor’s series expansion of A (w) about v,
A(0® +¢) =A(0?) — eB(0®) + O(s?) (10)

where O(g?) includes terms of order &> and higher. Ignoring the
second- and higher-orderterms in ¢ gives

det{A(0© +¢)] = det[A(0®) — eB(0®)] (D
Hence, in the neighborhood of an eigenvalue  of Eq. (1)
w=0"+e¢ (12)
and we have
detf{A(0®) — eB(0®)] =0 (13)
It, thus, follows from Eq. (1) that
[A(0®) — eB(w)]s =0 (1)

The crucial point observed from Eq. (14) is that ¢ can be deter-
mined by the solution of eigenvalue problem (14). Hence, starting
with an initial guess @, we may determine by an iterative manner
in the ith iteration a new approximation:

0® = =D 4 g® (15)

where ¢ is an eigenvalue of

[A(w([—l)) _ AB(w([_l))]z([) =0 (16)
For a given w'~V, there are generally n eigenvalues A;, [ =
1,2,...,n, where n is the dimension of the system. Because the

Taylor approximation (10) is valid only for small &, we will choose
& as the smallesteigenvalue of Eq. (16) in an absolute value sense.

Suppose that the process has been converged after m iterative
steps. Then the eigenvector z =z obtained by the solution of
Eq. (16) determines the eigenfunction ¢;. For example, in the vi-
bratingrod of Sec. I the scalars z;,i =1, 2, 3, 4,in Eq. (7) determine
the associated eigenfunction ¢; via Egs. (5) and (6).

Let n =1, and denote for this case f(w)=A(w). Then Eq. (16)
reduces to

(i—1)
A ) an

ZERD

by virtue of Eq. (9). The new value for w is determined by Eq. (12),
with ¢ = A. Thus, it follows that the Newton’s method for evaluating
the roots of a functionis a degenerated one-dimensional case of the
eigenvalue extraction algorithm.

III. Examples

‘We now present two examples demonstrating the method.

Axial Vibration of a Rod

Consider the transcendental eigenvalue problem associated with
the nonuniformrod discussed in Sec. I. Let k =300, =2, =1,
y =2, and § = 1. Then, using Eq. (7), we obtain

2w —300 0 0
( sin(w/2) cos(w/2) —sin(w/2) —cos(w/2)
12 cos(w/2) —2sin(w/2) —cos(w/2) sin(w/2)
L 0 0 cosw —sinw J
(18)
and, from Eq. (9),
B(w) =
-2 0 0 0
—0.5cos(w/2) 0.5sin(w/2) 0.5cos(w/2) —0.5sin(w/2)
sin(w/2) cos(w/2) —0.5sin(w/2) —0.5cos(w/2)
0 0 sinw cosw
(19)

‘We have applied the algorithmof Sec. I to this problem with various
initial values and determined the lowest five natural frequencies of
the rod. The results are summarizedin Table 1. The initial guess, the
number of iterations applied, and the natural frequencies obtained
(with precision tolerance of 107'2) are shown in Table 1.

Composite Buckling of a Column

Consider the problem of finding the critical load P applied to a
uniform column of unit length L =1 and flexural rigidity EI. Sup-
pose that an intermediate axial load Q is applied to the rod at x = a,
as shown in Fig. 2a. Let y (x) be the lateral deflection of the column,
and denote y, = y(a). The free-body diagram of the entire column
shown in Fig. 2b determines the forces at the supported ends. The
free-body diagrams of the virtual cross sections shown in Figs. 2¢
and 2d imply that

—Ely" = (P + Q)y — Oyax,

—EIy" = Py + Qy.(1 — x),

O<x<a (20)

a<x<l1 2n

Table1 Natural frequencies of the rod

i w[(U) Number of iterations w; det[A (w;)]

1 o1 14 1.89795 1.81x 10716
2 32 10 434375 3.02x107'°
3 64 13 8.13909 3.33x 10716
4 96 6 10.58616 9.66 x 10~16
5 128 9 14.37982 9.06 x 10~17

d)

Fig.2 Buckling of column with composite loads.
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Denote
_i _g _ u(x) O<x<a
T EI T EI ®) = v(x) a<x<1 (22)

Then Eqgs. (20) and (21) yield

u + (o + pu = pu,x, O<x<a (23)

V' +ov=—puv, (1 —x), a<x<1 (24)
where u, =u(a) and v, = v(a). Thus, it follows that

u(x) = Ay sinwx + Ay coswyx + Cx (25)

v(x) = B, sinwyx + B, coswyx + D(1 — x) (26)

where

wy =+o+ 1 27)

wy = o (28)
C=pu,/o+pn 29)
D=—pv, /o (30)

By imposing the boundary condition u(0) =0, we obtain
A, =0 (31)
so that
u=A;sinw;x +Cx (32)
From the condition v(1) =0, we obtain
By sinw, + B, cosw, =0 (33)
The continuity of displacement and slope at x = a imply
Ajsinwia + Ca — B sinw,a — By cosawna — D(1 —a) =0
(34)
Ayw;coswia + C — Byw, coswra + Byw, sinw,a + D =0
(35)

Equations (33-35), (29), and (30) can be written in the following
matrix form:

0 sin w, COS >
sinwa —sinw»a —COS wrd
w1 CosSwia —w, COSWrAd Wy SINwHa
0 0 0
(a)f — a)g) sinw,a 0 0

We note that w, is determined by w, via Eq. (28). Hence, Eq. (36)
has the transcendental eigenvalue form with A (w,)z = 0.

The Newton’s eigenvalue method has been applied to this
pAroblern with variable parameters a = 0.1k, k= 0; 1,... ,AIO, and
Q=0Q/El=j, j=1,3,...,7. The critical load P = P(Q, a)/EI
obtained is indicated by the graphsin Fig. 3. Timoshenko and Gere
(Ref. 2, Sec. 2.11) have solved this problem before. Their results
(see Table 2.6 of Ref. 2), displayed in Table 2, indicate complete
agreement with the parametric solution obtained here.

IV. Higher-Order Approximation

The method can be extended to produce a higher-order approxi-
mation as follows. Taylor series expansion of order p gives

Table2 Comparison of the critical loads
fora=0.5

Transcendental
eigenvalue solution

Values from
Timoshenko and Gere?

0 P P
0 9.8696 9.8696
2.1872 8.7487 8.7687
3.9728 7.9456 7.9590
5.3400 7.1200 7.1558
6.5197 6.5197 6.5444
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Fig.3 Critical bucklingload as a function of intermediate load and its
position.

S ef diA
U RD D I
where
kzki!g%, k=1,2,....p (38)
Hence,
det[A(a)(U) + e)] =0 (39)
implies

det[A(0®) + eA, (@) + -+ "4, (@) ] =0 40)

The iterative correction for ¢ can, thus, be determined by the least
eigenvalue (in absolute value sense) of the pth-order eigenvalue
problem

0 0 A 0
a a—1 B, 0
1 1 B, =10 (36)
w? o} C 0
(a — Dol —aw} 0 J D 0

[A(w(u)) + 2A (a)(u)) +---+27A, (“)(U))]z =0 (41)

A first-order realization of Eq. (41) is given by

[G(w) — AH(w)]y =0 (42)
where
0 I,
0 ..
G(w) = . (43)
. I,
L—A(w) —“A(w) - —A,_ 1(w)J
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Table3 High-order approximation of the
natural frequencies of the rod

Initial guess ;i First order Second order
0.1 1.8980 14 6
3.2 4.3437 10 5
6.4 8.13909 13 6
9.6 10.58616 6 5
I,
I,
Hw) = . (44)
L A, (w)J
Z
AZ
y= : (45)
AP~ lz

and I, is the identity matrix of dimension n.

To demonstrate the use of high-order approximation, we solved
the axially vibrating rod example again, using an approximation of
order p =2. The results obtained are shown in Table 3. As may
be expected, the number of iterations required for convergence has
beenreduced.In addition, it is clear from a theoretical point of view
that the convergence interval associated with higher-orderapproxi-
mation is larger than that obtained from low-order approximation.
Therefore, convergencemay be achieved by using an inferiorinitial
guess.

V. Quadratic Eigenvalue Problem
Note that the method developedin the preceding sectionsis quite
general and holds for matrices with nonlinear elements that are
not necessarily transcendental. Consider for example the quadratic
eigenvalue problem associated with finite dimensional vibrating
systems:

A0 = M +21C+K (46)

where M, C, and K are symmetric. The algorithm of Sec. II can be
applied to the problem using

B()) = —% =-2\M—-C 47)

The standard method for solving such problems involves transform-
ing the equations into first-order form. The transformationrequires
doubling the dimensions of the problem and destroying the symme-
try of the system. With the method developed here, the matrix size
and the symmetry of the system is unaltered, as demonstrated by
the following example.

The spectrum of a discrete model of a vibrating system is given
as follows. The equation of motion for the system shown in Fig. 4
is given by Eq. (49) with

1 00 1 0 -1
M=|0 1 0], c=|0 3 -1
0 0 1 -1 -1 2
5 =2 -1
K=|-2 4 =2 (48)
-1 -2 3
‘We define
AMHA+5 -2 —2—1
AN = -2 A2 431 4+4 =2 (49)
—2—1 =2 A4+20+3

Table4 Eigenvalues of Eqgs. (46) and (48)

Initial guess ~ Number of iteration Calculated A;

—1-2i 5 —0.7226 —2.2521i
—1+2i 5 —0.7226+2.2521i
—1—i 6 —0.4863 — 0.6063i
—1+4i 6 —0.4863 + 0.6063i
—2—1i 5 —1.7911—1.2358i
—24i 5 —1.7911+1.2358i
1
—
—
1
2 2 2 Fig.4 Mass-spring-damper system.
1 ] 1 (1]

T— =

2 1

and obtain from Eq. (47)

2% —1 0 1
B\ = 0 21 -3 1 (50)
1 1 —21 -2

The Newton’s eigenvalue method has been applied to the problem
yieldingthe eigenvaluesshownin Table 4. The initial guess used and
the number of iteration required for convergence with a tolerance of
1072 are also shown in Table 4. Note that the eigenvalueshas been
determinedby using 3 x 3 symmetric matrices, whereas the standard
methodof solvingthis probleminvolvesa first-orderrealizationwith
matrices of dimension 6 x 6.

Higher-order approximation may also be applied to the quadratic
eigenvalue problem (46), yielding, via Eq. (37),

AQ +8) =A0) + &A1 (h) + e24,(0) (51)
where
A=MM+)1C+K (52)
A =20M+C (53)
A, =M (54)

However, a first-order realization leads via Eqgs. (42-44) to an
eigenvalue problem of dimension 2n that is of the same complexity
as the original problem.

VI. Spectrum Estimation of a Nonuniform
Distributed Parameter System

The main application of the transcendental eigenvalue problem
is in estimating the spectrum of continuously varying distributed
parameter systems. Consider, for example, an axially vibrating rod
of unit length with cross-sectionalarea A (x) = e*, modulus of elas-
ticity E, and density p, which is fixed at x =0 and free to oscillate
at the other end x = 1. The system is governed by the differential
equation

a[ 8u(x,t)i| 9u(x, 1)
Ee' —— | = pef ———

Bx 0x or?

, 0<x<l, t>0
0x

(55)
which leads after separation of variablesto the following eigenvalue

problem:
v+ v +nv=0, V(1) =0

(56)

n=w’(p/E), v(0) =0,

The eigenvalues of the system (56) are the roots of the frequency
equation’:

tan n—z=2 n—rx (57)
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v | i 1 nty 2m2 + 2m3 ms
p NN N M=-— .
PEI . 6 : :
Ze x, m,_; 2m,_,+2m, m,
' -, L |
m, 2m,,
» x x=1
a) (62)
1 2 3 nei n There have been 20 eigenvalues of the exponential rod estimated
. using finite difference and finite elements models of order n = 20.
5 ——rT T 1 The exacteigenvalueshave beencalculatedusing a bisectionmethod
“ —h—i—!_. applied to the frequency equation (57). The results are shown in
Alelylely B H : v el
| L Fig. 6a. It is apparent from Fig. 6a that only about six eigenvalues
b *2 X have been estimated accurately by these methods.
Fn-l x The exponential rod as shown in Fig. 5b can also be formulated
g ] in a transcendental eigenvalue form (1) with
x=

b)

Fig. 5 Exponential rod: a) discrete model of the order n and b) ap-
proximation using a rod with piecewise uniform cross-sectional area.

Finite difference and finite element methods are widely used in
approximating the eigenvalues of distributed parameter systems.
Note, however, that finite element and finite difference methods
produce fair estimation only to the low part of the spectrum. One
can expect from a discrete model of order n to produce fewer than
n/3 eigenvalues with reasonable accuracy (see, e.g., Refs. 4-6).
In contrast, the distributed parameter system has infinitely many
eigenvalues. To demonstrate this phenomenon, we replace the given
continuous system by an equivalent discrete model of order n with
uniformelementlength 4 = 1/n as shown in Fig. 5a. The eigenvalue
problem corresponding to the discrete model of the rod is

K—nM)v=10 (58)
Yii o —Yi2 012
0 0 Y22 —022
V= .
L Yn—2n-2 —Op—-2n-2

A finite difference model using central derivatives leads to the
following stiffness and mass matrices:

[k, 4k, —ky
—ky  kyt+ks —k;
—k ’
K = }
_kn—l
TAn—1 kn—l+kn _kn
_kn kn
(59)
my
my
M= (60)
mn
where
ki = (EA)i/h, m; = (pA)h, i=12,....,n (61)

Finite element modeling using piecewise constant elements with
linear shape functionsleads, similarly, to the generalizedeigenvalue
problem (58) with the same stiffness matrix given by Eq. (59) and
a mass matrix of the form

T

p
U
A = (63)
) v
ra
where
p=@0O 1 0o 0F (64)
U =
a; B — =B 0 0 ce 0
0 0 [0%] B2 —0 =B 0
0 o Q2 ﬂn—Z —0p -2 _ﬂn—Z 0 0
L Oy 1 ﬂn—l 0 _ﬂn—lJ
(65)
—V23 023
. (66)
“Vn-2n-1 Op—2n—1 J
Vn—1n—1 —Opn—1n-1 “VYn—1n Opn—1n
. T
q= (0 0 /ncosy/nL —./ysin ﬁL) (67)
and where
a; = sin /7x; (63)
Bi = cos \/nx; (69)
vij = A /ncos/nx; (70)
o = A /nsin/nx; (71)

The matrices C and D impose the matching conditions of dis-
placement and force, respectively, and the vector p expresses the
free-end condition in the rod. The variable A; denotes the cross-
sectional area of the jth element. The problem can then be solved
using the algorithm developed in Secs. II and III. We solved this
problem using a small model order of n =3, where the rod is di-
vided into three uniform portions of cross-sectionalareas

(6%-}—60)/2, i=1
A = (6%4—6%)/2, i=2
(61 +e%)/2, i=3 (72)
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Fig.6 Natural frequencies of exponential rod: a) comparison between
the X, exact solution; A, finite difference; and [, finite element models
of order n =20 and b) comparison between the X, exact solution andO,
transcendental eigenvalue model of order n =3.

The matrix A(y) in Eq. (63) with x; =%, x;=2, and L =1 takes
the form

A =
[0 1 0 0 0 0 |
sin& cosé& —siné& —cosé& 0 0
0 0 sin i cos —sinyy  —cosyr
A; cosé —A;siné —A,cosé  A,siné 0 0
0 0 A,cosy —A,sinyy —Ascosy Assing
B 0 0 0 0 cos3&  —sin 35_
(73)

where £ =L/nand ¥ = 2./n

We have determined the 20 lowest roots of det[A(n)]=0 by
using the method described in Sec. II. The results are shown in
Fig. 6b together with the exact analytical solution. It is clearly
demonstrated that the transcendentalmodel has produced good ap-
proximation for all of the eigenvalues obtained. Note that these
results have been found using a matrix of order 6 x 6, whereas the
inferior results obtained by the finite difference and finite element
models have been produced using matrices of higher dimensions,
20 x 20. Note also that the transcendentalmodel (73), with its small
dimensional matrix, can produce unlimited number of eigenvalues,
whereas finite elements and finite difference models of order n can
at most producen eigenvalues,of which only aboutn /3 have fair ac-
curacy. This problem may be solvedalternativelyby using Gaussian
elimination as in Lake and Mikulas’ or by the method suggested by
Williams and Kennedy.?

VII. Conclusions
Some problems in vibrationand structural stability of distributed
parameter systems lead to transcendental eigenvalue problems in-
volving matrices with transcendentalelements. The associated dis-
crete models are characterized by algebraic eigenvalue problems

with matrices of constant entries. Finite element or finite difference
methods implement discrete models in approximating the eigenval-
ues of distributed parameters systems. It has been noted (see, for
example, Refs. 4-6) that the asymptotic behavior of a continuous
systemis differentfrom thatassociatedwith its representingdiscrete
model. This discrepancy in behaviororiginates from a transcenden-
tal function lacking the ability to be properly approximated by an
nth degree polynomial over a range including n neighboring roots.
Consequently, a large-order finite difference or finite element mod-
els can approximate accurately only small number of eigenvalues.
The method developed here is a different approach to overcome the
same difficulties.

In theory, the determinantof the transcendental matrix can be ex-
panded by using its fundamental definition. This is, however, pro-
hibited by numerical considerations. Expanding a determinant of
a matrix of dimension n involves n! floating point operations, that
is, additions and multiplications, which may hamper the calcula-
tion of a relative small problem of dimension n > 10, even when
fast computers are used. Determinant expansion using Gaussian
elimination, as suggested by Lake and Mikulas, is more economi-
cal computationally. It requires, however, symbolic manipulations.
With the Newton’s eigenvalue iteration method, the difficulties as-
sociated with evaluating a determinant of a transcendental matrix
is circumvented. Williams and Kennedy® have developed an alter-
native multiple determinant parabolic interpolation method to solve
the transcendentaleigenvalue problem.

In application,a distributed parameters system with continuously
varying parameters may be approximatedby anotherdistributed pa-
rameter system of piecewise uniform properties. The transcendental
eigenvalueproblem obtained can then be applied effectivelyto solve
the problem. With this method, a large number of eigenvalues can
be obtained by solving a transcendental problem of small dimen-
sion. This idea has been demonstrated in Sec. VI, where accurate
approximations of a large number of eigenvalues correspondingto
anonuniform vibratingrod have been obtained by the use of a small
transcendentalmodel.
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